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Abstract
At c = 3, two of the three integrable quantum N = 2 supersymmetric





remarkably, all their conservation laws can be written in closed form, which
provides thus a simple constructive integrability proof.
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The quantum extension of the usual Korteweg-de Vries (KdV) equation is rather
easily formulated [1, 2]: it is the canonical equation obtained from the quantum version of
the KdV second Hamiltonian structure (i.e., the energy-momentum tensor OPE) and the
normal ordered form of the corresponding KdV Hamiltonian:
_





Since the classical Hamiltonian has a single term, its quantum form is not ambiguous. The
quantum extension of the supersymmetric KdV equation is also dened unambiguously [3,
4]. This is no longer true for the three integrable N = 2 supersymmetric KdV (SKdV)
equations [5] since the three dierent Hamiltonian contains two terms, hence a troublesome
relative coecient whose quantum form cannot be xed a priori. More explicitly, this





































. The corresponding KdV equation is the canonical
equation obtained from this Hamiltonian and the Poisson bracket version of the N = 2
superconformal algebra. It is integrable for only three values of , namely 1; 2; 4 [6, 7].
An elegant way of determining the quantum form of these integrable equations is based
on their correspondence with the (conjectured) integrable perturbations of the N = 2
minimal models with c = 3K=(K + 2) [5, 8, 9]. This xes the relative coecient of the
model dening quantum Hamiltonian. Identifying the equations by the corresponding
perturbation (that is, the chiral eld label ` which represents the perturbation 
`
) as well
as with the corresponding value of the classical label , we have [5]
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Further support for the conjectured integrability of the ` = 1 and ` = K perturbations is
presented in [10] and in [11] respectively. Moreover, for each value of K, the perturbations ` = 1; 2
have been related to quantum ane Toda theories at a particular value of the coupling [9] and




T(Z) is the N = 2 superenergy-momentum tensor
~







































































































In the classical limit (c!1), the ratios of the three relative coecients are seen to
be the same as the inverse ratios of the quoted values of  and the classical Hamiltonians





the equations obtained canonically from the quantum Hamiltonian
H




























T)   
~
T) (n factors) (1)
Hence, every conserved density has a single term but normally ordered toward the left.
This is the exact analog of the qKdV conservation laws at c =  2 [2, 13]. The rest of this
note is devoted to the proof of this result, which boils down to a simple exercise in normal
ordering rearrangements.















By treating this value of c as the limiting minimal model with K!1, we further verify that
the degenerate equation of the perturbing eld 
2
is a descendant of that of  (both perturbations
have vanishing conformal dimension at c = 3).
4








. Moreover, when c = 1
or 3=2 , thanks to the vacuum singular vector:



































































































canonical equations of these elds take an extremely simple form. As a result, the explicit
expression for all the conserved charges of this chiral free eld system can be written down























































































] = 0. Now, as for the
KdV equation at c =  2, these charges can be written in terms of the normal ordered
powers of
~












which will be proved by recursion.


















































































Standard reordering manipulations rely on the rearrangement lemmas of [15], e.g.,
((AB)(CD)) = (C(D(AB))) + (([(AB); C])D) + (C([(AB); D]))



















































































































































































































































































) thanks to the fermionic character
of the 











without derivatives. This property is lost when the powers of
~
T are ordered
toward the right (and as a result, the conserved densities no longer have a simple form).















are mutually commuting. We have thus obtain a rigorous and constructive
integrability proof for the qSKdV
1;4
equation at c = 3.








T) in the Hamil-









. These terms couple the two elds and the equation become
sucienty complicated to prevent a closed form expression for their conservation laws.
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